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Abstract. In this article the Loewy length of the descent algebra of Dim+l 
is shown to be m + 2, for m > 2, by providing an upper bound that agrees 
with the lower bound in Bonnafe and Pfeiffer, 2006 . 

The bound is obtained by showing that the length of the longest path in the 
quiver of the descent algebra of D2m+i is at most m+1. To achieve this bound, 
the geometric approach to the descent algebra is used, in which the descent 
algebra of a finite Coxeter group W is identified with an algebra associated to 
the reflection arrangement of W . 



1. Introduction 

Cedric Bonnafe and Gotz Pfeiffer determined the Loewy length of the descent 
algebra £fc(W) for irreducible finite Coxeter groups W of all types except L>2m+i 
|Bonnafe and Pfeiffer, 2006] . (The case of the symmetric group was established ear- 
lier; see |Garsia and Reutenauer, 1989 Theorems 5.6 and 5.7] and Atkinson, 1992 



Theorem 3.4]). For type D 2m +i, Bonnafe and Pfeiffer prove that the Loewy length 
of Efc(I?2 m +i) is at least m + 2, and state that they suspect this is an equality. In 
this paper, we show that m + 2 is also an upper bound — by showing that the length 
of the longest path in the quiver of Efc(Z?2m+i) is at most m + 1 — confirming their 
suspicion. 

We briefly outline the argument, and the structure of the paper. The plan is 
to use the geometric approach to the descent algebra: the descent algebra Hk(W) 
can be identified with a subalgebra of an algebra kJ- associated to the reflection 
arrangement of W. This is explained in Section [21 Specifically, there is an action of 
W on kT and an anti-isomorphism between £fc(W) and the W- invariant subalgebra 
(kT) w . After defining quivers and path algebras in Section[3j Scction|4]dcscribes the 
quiver Q of kT and the construction of a W-equivariant surjection tp : kQ — > kT. 
This results in a surjection (kQ) w -» {kT) w that we use to gain information 
about the quiver Qw of (k!F) w in Section [5] We then specialize in Section [B] to 
the irreducible finite Coxeter group of type D and bound the length of the longest 
path in the quiver Q_o 2m+1 . The reader familiar with the above theory may decide 
to begin in Section [6l 

Throughout this paper k denotes a field whose characteristic is zero or does not 
divide the order of the Coxeter group. 
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2. The Geometric Approach to the Descent Algebra 



Wc begin by recalling the definition of Coxcter systems and the descent algebra. 
We then explain the connection between the descent algebra and the face semigroup 
algebra of the reflection arrangement of the Coxeter group. 

2.1. Coxeter systems and reflection arrangements. Let V be a finite dimen- 
sional real vector space. A finite Coxeter group W is a finite group generated 
by a set of reflections of V. The reflection arrangement of W is the hypcrplanc 
arrangement A consisting of the hypcrplanes of V fixed by some reflection in W . 

Let W denote a finite Coxeter group with reflection arrangement A and let c 
denote a connected component of the complement of HiaV.A wall of c is 

a hyperplane H £ A such that H He spans H, where c is the closure of c in V. Let 
S C W denote the set of reflections in the walls of c. Then S is a generating set 
of W |Brown, 1989[ §1.5 A] and the pair (W, S) is called a Coxeter system with 
fundamental chamber c. 

2.2. The descent algebra. Fix a Coxeter system (W, S). For J C S, let Wj = (J) 
denote the subgroup of W generated by the elements in J. Each coset of Wj in W 
contains a unique element of minimal length, where the length £(w) of an element 
w of W is the smallest number of generators s\, . . . , Sj £ S such that w = si ■ ■ • 
[Humphreys, 199 0, Proposition 1.10(c)]. Let Aj denote the set of minimal length 
coset representatives of Wj and let xj = J2 w ex r w denote the formal sum of 
the elements of Xj. Then xj is an element of the group algebra kW of W with 
coefficients in a field k. Louis Solomon proved that the elements xj, one for each 
J C. S, form a basis of a subalgebra of kW |Solomon, 1976[ Theorem 1]. This 
subalgebra is denoted by Sfe(VF) and is called the descent algebra of W. 

2.3. The faces of A. For each hyperplane H € A, let H + and H~ denote the 
two open half spaces of V determined by H. The choice of labels H + and H~ 
is arbitrary, but fixed throughout. For convenience, let H° = H. A face of the 
arrangement A is a non-empty intersection of the form x = 

r\ H eA HaHix) > where 

cth{x) G {+,0, — } for each hyperplane H £ A. The sequence cr(x) = (^(a;))^^^ 
is called the sign sequence of x. The set T of all faces of A is a partially order 
set with partial order given by x < y iff x C y, where y denotes the closure of the 
set y. A chamber of .4 is a face that is maximal with respect to this order. 

2.4. The intersection lattice. For each face i 6 f, the support supp(x) of x 
is the intersection of all hypcrplanes in A that contain x. Equivalcntly, supp(a;) 
is the subspace of V spanned by x. The dimension of x is the dimension of the 
subspace supp(x). The intersection lattice C of A is the image of supp; that is, 
C = supp(JT). The elements of £ are subspaces of V and are ordered by inclusion. 
With this partial order, £ is a finite lattice, where the meet of two subspaces is their 
intersection, and the join of two subspaces is the smallest subspace that contains 
both. It follows that supp : T — ► C is an order-preserving surjection of posets. (N.B. 
Some authors order C by reverse inclusion rather than inclusion.) 

2.5. The face semigroup algebra. Define the product of two faces x, y £ T 

to be the face xy with sign sequence {an{xy))HeA given by 
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where o~(x) and o~(y) are the sign sequences of x and y. This product has a geometric 
interpretation: the product xy of two faces x and y is the face entered by moving 
a small positive distance along a straight line from a point in s to a point in y. It 
is straightfoward to verify that this product gives T the structure of an associative 
semigroup with identity, and that x 2 = x and xyx = xy for all x, y G T. (A 
semigroup satisfying these identities is called a left regular band.) 

The semigroup algebra kT is called the face semigroup algebra of A over the 
field k. It consists of finite k- linear combinations of elements of T with multiplication 
induced by the product defined on elements of T . 

2.6. The invariant subalgebra. Since W is a group of orthogonal transforma- 
tions of the vector space V, there is an action of W on V defined by setting w(v) to 
be the image of v G V under the transformation w. Under this action the set A is 
permuted [Humphreys, 1990} Proposition 1.2], so there is an induced action of W 
on C and on T. The action preserves the semigroup structure of T, so it extends 
linearly to an action on kT . Let (kT) w denote the subalgebra of kT consisting of 
the elements of kT fixed by all elements of W: 



(kT) w = [aekT: w(a) 



a for all w G W , 



The following was first proved by T. P. Bidigare Bidigare, 1997 . Another proof 
was given by K. S. Brown and can be found in |Brown, 2000] Theorem 7] or 
ISaliola, 2007"! Theorem 2.7]. 

Theorem 2.1. Let W be a finite reflection group and let kT denote the face 
semigroup algebra of the reflection arrangement ofW. The W -invariant subalgebra 
(kT) w is anti-isomorphic to the descent algebra Efc(W) ofW. 

Wc briefly describe an anti-isomorphism. The faces of the fundamental chamber 
c are parametrized by the subsets of S: if J C S, then there is a unique face cj of 
the fundamental chamber c that is fixed by all elements of J |Brown, 1989 §I.5F]. 



Moreover, every face of A is in the FF-orbit of a unique face of c |Brown, 1989[ 
§I.5F]. So if Oj denotes the IF-orbit of c,/, then the elements xj = ^2 y£0j y, one 
for each J C S, form a basis of (kT) w . The function (kT) w -> E fc (W) defined by 
mapping xj to xj is an anti-isomorphism. 

3. Quivers and Path Algebras 
Let k be a field and A a finite dimensional fc-algcbra. 

3.1. Complete system of primitive orthogonal idempotents. An element 
a G A is an idempotent if e 2 = e. Two idempotents e, / G A are orthogonal 
if ef = = fe. An idempotent e G A is primitive if it cannot be written as 
e = f+g with / and g non-zero orthogonal idempotents of A. A complete system 
of primitive orthogonal idempotents of A is a set {ei, €2, ■ ■ ■ , e„} of primitive 
idempotents of A that are pairwise orthogonal and that sum to 1,4- 

3.2. The quiver of a split basic algebra. The Jacobson radical rad^l of A 
is the smallest ideal of A such that Aj x%AA is semisimplc. If Aj r&dA is a direct 
product of copies of k, then A is a split basic k-algebra. Equivalcntly, A is a split 
basic algebra if and only if all the simple A-modules are of dimension one. 

The quiver Q of a split basic finite dimensional fc-algebra A is the finite directed 
graph constructed as follows. Let {e v : v G 1} be a complete system of primitive 
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orthogonal idempotents of A, where 1 is some index set. The vertex set of Q is the 
index set T, so there is one vertex v in Q for each idempotent e v . If x, y el, then 
the number of arrows x—>y is dim^ e y ( rad(A)/ rad 2 (A))e x . This construction does 
not depend on the complete system of primitive orthogonal idempotents, so Q is 
canonically defined. 

3.3. The path algebra. The path algebra kQ of a quiver Q is the /c-algebra with 
basis the set of paths in Q and with multiplication defined on paths by 



{W ^ >W S ) ■ (V ^ >V r ) = 



(v — > >v r — nor— > >w s ), if w = v r 

, if wq i= v r 



where (wq^ >w s ) and (vq~> >v r ) are paths in Q. If F denotes the ideal of kQ 

generated by the arrows of Q, then an ideal I C kQ is said to be admissible if 
F m C I C F 2 for some m £ N. 

If Q is the quiver of A, then there is a surjection tp : kQ — » ^4 defined by 
mapping each vertex a; to the idempotent and by mapping the arrows from a; to 
y to elements in e y ra,d(A)e x whose image in e y (ra,d(A) / ra,d 2 (A)^ e x forms a basis 
of the quotient space. Moreover, ker</? is an admissible ideal of kQ. 

3.4. Loewy length. The Loewy length LL(A) of a finite dimensional /c-algcbra 
A is the smallest I € N such (radA) 1 = 0. The following observation is pertinent. 

Lemma 3.1. Suppose Q is a finite acyclic quiver. If A = kQ/ 1 for some quiver Q 
and some admissible ideal I of kQ, then LL(^4) < I + 1, where I is the length of the 
longest path in Q. 

Proof. Let <p : kQ — > A denote a surjection with kernel /. If F C kQ denotes 
the ideal generated by the arrows of Q, then <p(F l ) = (rad^4)' for all Z > 1 
|Assem et al., 2006} Corollary 2.11]. So if I 6 N is the length of the longest path in 
Q, then F l+1 = 0. Hence, (rad^) /+1 = 0. Thus, LL(^) <l + l. □ 

4. A V7-Equivariant Surjection 

Notation. Throughout this section: (W, S) is a Coxeter system with fundamental 
domain c; A is the reflection arrangement of W; C is the intersection lattice of A; 
and kJ- is the face semigroup algebra of A, where k is a field whose characteristic 
does not divide the order of W. 

In this section we recall the construction a complete system of primitive orthog- 
onal idempotents for (k!F) w and the construction of a W-equivariant surjection 
ip : kQ — > kT, where Q is the quiver of kT . 

4.1. The orbit poset. For each x € T let O x = {w(x) : w £ W} denote the 
W-orbit of x, and for each X £ C let Ox = {w(X) : w £ W} denote the W-orbit 
of X. The W-orbits of elements of C form a poset C/W = {Ox ■ X £ £} with 
partial order given by Ox < Oy if and only if there exists w £ W with w(X) < Y. 

Remark 4.1. The poset C/W is isomorphic to a poset of equivalence classes of 
subsets of S. Indeed, define a relation on subsets J, K C S by setting J <~ K if and 
only if supp(cj) and supp(cA') belong to the same orbit. Equivalently, J ~ K if and 
only if and Wk are conjugate subgroups of W . The poset S'/~, with partial 
order induced by reverse inclusion of subsets of S, is isomorphic to C/W . 
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4.2. Complete system of primitive orthogonal idempotents. The construc- 
tion requires, for each X £ C, a linear combination £{X) of faces of support 
X with coefficients summing to 1. Moreover, the elements i(X) need to satisfy 
w(£(X)) = £{w{X)) for all w £ W. 

We provide one example of such elements; see §3.4 of Saliola, 2007] for other 



examples. For every orbit O £ C/W, fix a face fo such that supp(/e>) £ O. For 
each X £ C, let /x = /o x and define 

(4.1) £(JT) = — \" Z; where Ax = |{* £ O fx : supp(z) = X}\. 

Ay ^ — ' 

aupp(z) = X 

Note that Ax is the index of the stabilizer subgroup W x — {w £ W : w(x) — x} of 
x in the stabilizer subgroup Wx = {u> £ T4 7 : u>(_X") = X} of X, where x is any face 
with support X. Hence, Ax depends only on the orbit of X and so the elements 
£{X) satisfy w{l{X)) = £{w{X)) for all w £ W. 

Define elements ex £ kT, one for each X £ C, recursively by the formula 

(4.2) e x =£(X)-£{X)J2e Y . 

Y>X 

These elements form a complete system of primitive orthogonal idempotents for kT 
|Saliola, 2006[ Theorem 5.2]. Moreover, they satisfy w(ex) = &w(x) f° r au w G W 
and all X £ £, so the elements 

(4.3) e = ^2 ex, 

XGO 

one for each O £ C/W, form a complete system of primitive orthogonal idempotents 
for {kT) w |Saliola, 2007] Theorem 3.7]. 

Remark 4.2. The above leads to a construction of a complete system of primitive 
orthogonal idempotents directly within the descent algebra (W). Let S/ ~ denote 
the posct defined in Remark 14.11 For each O £ S/~, fix a subset Jo C S with 
Jo £ O and define elements eo, one for each O £ recursively by the formula 

Ao ^ VAo 

where Xq is the index of Wj in the normalizcr of Wj. These elements correspond, 
under the anti-isomorphism of H2.61 to the elements defined in Equation 14.31 for a 
suitable choice of Jo- Therefore, they form a complete system of primitive orthog- 
onal idempotents for S/-(W). See |Saliola, 2007 Proposition 3.9] for details. 



4.3. The quiver of kT . The quiver of kT is the directed graph Q constructed 
as follows. The vertex set of Q is C, and there is exactly one arrow X— *Y, for 
X, Y £ C, if and only if Y < X. There exists a surjection <p : kQ — > kT with kernel 
generated by the sum of all the paths in Q of length two. A proof of this for any 



central hypcrplanc arrangement can by found in Saliola, 2006 . Below we recall the 
construction of a V^-equivariant ip : kQ -» kT. See Saliola, 2007 §4] for details. 

Define an action of W on the path algebra kQ as follows. Fix an orientation ex 
on each subspace X £ C. Thus, ex is a map that assigns 1 or —1 to a basis of X 
depending on whether the basis is positively or negatively oriented. For w £ W and 
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X eC, let 

a x {w) = e x (xi, ■ ■ ■ ,^ s Je«,(x)fw(fi), . . .,w(S s )j, 

where Si, . . . ,x s is a basis of the subspace X. Note that if w(X) = X, then a x (w) 
is 1 if the restriction w\x of w to X is orientation-preserving, and is —1 otherwise. 
For w & W and a path (Xo^ >Xt) in Q define 

w(X ^ = a Xo (w)a Xt (w)(w(X )^ yw(X t )j, 

where w(Xi) is the image of X, £ C under the action of W on C. The following is 
Theorem 4.7 of |Saliola, 2007] . 

Theorem 4.3. There exists a W-equivariant k-algebra surjection tp : kQ — » kj- '. 
That is, tp satisfies ip(w(a)) = w(<p(a)) for all w £ W and all a £ kQ. In addition, 
kcr(yj) is generated by the sum of all the paths of length two in Q. 

We briefly recall that construction. Let ex denote the orientations chosen above. 
Define tp on each vertex X and arrow X~^Y of Q by 

V(X) = e x and <p(X->Y) = \ Y e Y I Y^[y : x]x ] e x , 



where \y is defined in Equation (|4.ip . where y is any face of support Y and 

[y.x] = e sup p(y)(yu ■ ■ ■ ,yt) (yi, . . .,y t ,Si), 

where yi, . . . , yt is a basis of supp(y) and Si is a vector in x. Then tp extends linearly 
and multiplicatively to a VK-equivariant fc-algebra surjection tp : kQ — > kJ- . 

5. On the Quiver of {kT) w 

We continue with the notation of the previous section and let Qw denote the 
quiver of (kJ-) w . The quiver Qw is not known for arbitrary W, but the idempotents 
of Equation (|4.3p and the surjection of Theorem 14 . 31 provide some information about 
the structure of Qw In the next section we specialize to W of type D. 

The following result is our main tool. 

Lemma 5.1. If for every path P in Q that begins at a vertex in O' G C/W and 

ends at a vertex in O €E C/W there exists w £ W such that w(P) = —P, then there 
is no arrow from O' to O in Qw ■ 

Proof. If there is an arrow 0'—>0, then the vector space £o(k!F) w eo' is nonzero 
(see tj3.2[) . We'll show that this vector space is zero if the hypothesis holds. 

For each O £ C/W, let vq = J2 X eo^ £ kQ. Let tp : kQ — > kT denote the 
W^-equivariant surjection of Theorem 14.31 Then tp restricts to a surjection 

vo(kQ) W vo> e {kT) w s , . 

We'll show that vo(kQ) w vqi = 0. This subspace is spanned by elements of the form 
J2p'eo P'> w h ere P is a path of Q that begins at a vertex in O 1 and ends at a 
vertex in O, and where Op is the TF-orbit of P. The hypothesis implies w(P) = —P 
for some w £ W, so 

E p '= E »(*")= E p ' = - E 



P'eOp P'eOp P'eO-p P'eO P 

'P'eOp 



Therefore, Ep-eo P ' = °- So ^©(^S) 1 ^^' =0. □ 
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Our first result on the structure of Qw shows that it contains no oriented cycles. 

Proposition 5.2. There is exactly one vertex in Qw for each element of C/W. 
IfO'^O is an arrow in Qw> then O < O' in C/W. In particular, Qw does not 
contain any oriented cycles. 

Proof. Since the elements in Equation (14.31) form a complete system of primitive 
orthogonal idcmpotents for (/c7 r ) M/ , the vertex set of Qw is the poset C/W. 

If (Xq^ >Xi) is a path in Q, then Xi < Xg. In particular, Ox l < Ox - So if 

^ O' , then the condition of Lemma T5. II is satisfied. Therefore, there is no arrow 
from O 1 to O in Qw- It follows that Qw cannot contain an oriented cycle. □ 

Our next result shows that the quiver Qw contains at least one isolated vertex. 

Proposition 5.3. There are no arrows in Qw beginning at {V}. 

Proof. Let (Xq^ >Xi) be a path in Q with Xo = V. Let w G W denote the 

reflection in the hyperplane Xy. Then 

w (X ^ >Xi) = a x „ (w)a Xl (w) (w(X )-> >w(Xi)) 

= - (Xo^-^Xi) . 

By Lemma |5.1[ there is no arrow in Qw beginning at {V}. □ 

6. The Loewy Length of T, k (D 2m +i) 

Notation. Throughout this section: D n is a Coxeter group of type D, A is the 
reflection arrangement of D n ; C is the intersection lattice of A; and kT is the face 
semigroup algebra of A, where k is a field whose characteristic does not divide the 
order of D n . 

6.1. Coxeter groups of type D. For n G N, let [n] = {1, 2, . . . , n} and let [±n] = 
{1,2,..., n} U { — 1, —2, . . . , — n}. A signed permutation of [±n] is a permutation 
w of [±n] satisfying tu(— i) = —w(i) for all i £ [n\. A signed permutation w of [in] 
acts on R" by permuting and negating coordinates: 

w(vi,v 2 , ...,v n ) = (v w -i(i),v w -i( 2 ), ■ ■ .,v w -i M ), where w_ 4 = ~v t for i e [n]. 

The Coxeter group D n is the subgroup of the group of signed permutations of 
[in] that negate an even number of elements of [n] . The reflection arrangement A 
of D n consists of the hyperplanes 

Hij = {v G R™ : Vi — Vj}, where i ^ j, —i G [in]. 

6.2. Intersection lattice. A set partition of [in] is a collection of nonempty 
subsets B = {Bi, B r ] of [in] such that \J { B t = [in] and B t D Bj = for 

1 ^ j. The sets Bi in B are called the blocks of B. The collection of set partitions 
of a finite set form a finite lattice, with partial order given by: B < C if and only if 
every block of C is contained in a block of B. If A C [in], then A = {—a : a E A}. 

The intersection lattice £ of A is isomorphic to the sublattice of set partitions of 
[in] of the form {B x , . . . , B r , C, B r , . . . where C satisfies: C = or [C\ > 4; 

and C — C |Barcelo and Ihrig, 1999| Theorem 4.1]. The isomorphism is given by 

P = {PL,...,P r }~ ^ 

|?7 G V : Vi = vj if i,j G Ph for some h £ [r] j = ("^ j P| Hij J , 

h=l \i,3£P h I 
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where P is a set partition of [±n] and v~i = —Vi for ieN. 

To simplify notation, we let tt{X) denote the set partition of [±n] induced by X G 
£, and we let {Bi, . . . , B r ; C} denote the set partition {Bi, . . . , B r , C, B r , . . . , Bi}. 
The block C is called the central block. Under this isomorphism the action of D n 
on X G £ is given by permuting the elements of tt(X). That is, tt(w(X)) = w(tt(X)) 
for all w G D n and X G C. 

6.3. Canonical basis. The set partition ir(X) = {Bi, . . . , B r ; C} describes a basis 
of X. For each i G [r], let 

-jeB t 

where e\, . . . , e n is the standard basis of R™ and e-j = — e*j for j G [n]. The vectors 
j9 l5 . . . , f3 r form a basis of the subspace X called the canonical basis of X. 

6.4. The length of the longest path in <2r> 2m . This serves as a quick example 
to illustrate the approach we take in the following section. 

The Coxeter group Dim contains an element wq that acts on V by central re- 
flection. That is, w (v) = -v for all v G V. Therefore, a x {w ) = (-l) dim W. So if 
A is an arrow in Q, then wo(A) = —A. It follows from Lemma UTTl that there is no 
arrow 0— >0' in Qc 2m if O < O'. Combined with Proposition [531 this implies that 
the length of the longest path in Q.D 2m is a t most 2m 2 ~ 1 , since 2m is the length of 
the longest path in Q. This establishes the following. 

Proposition 6.1. The length of the longest path in Q.D 2m * s a ^ most m — 1. 

This implies that the Loewy length of the descent algebra Efc(£>2m), for ra > 2, 
is at most m (see the proof Theorem 16. 5| . Also, the same argument also gives an 
upper bound of for the Loewy length of the descent algebra Sfc(J3 n ). These are 



both equalities Bonnafe and Pfeiffer, 2006] §5E]. 



6.5. The Loewy length of Efc(£>2m+i)- In this section wc develop necessary 
conditions on Ox and Oy for there to be an arrow from Ox to Oy in Qn 2m+1 - 

For X G £, let 7r(X) = . . . , i? r ; C} denote the set partition induced by 
X (see §6.2|) . Let Even(X) denote the number of i G [r] with \Bi\ even, and let 
Odd(X) denote the number of j G [r] with odd. 

Lemma 6.2. J/ i/iere is an arrow 0'—>0 in Q,D 2m +i> then Even(F) < Even(X) 
for all X eO' andY G O. 

Proof. We prove that if Evcn(JT) < Even(F), then there is no arrow O x — *Oy. 

Suppose P is a path in Q beginning at a vertex X' in Ox and ending at a vertex 
Y' in Oy. Since n(X') and n(X) are in the same orbit, Even(X') = Even(X). 
Similarly, Even(y') = Even(y). So Even(X') < Even(r')- 

If every even-sized non-central block Bi in n(Y') = {Bi, . . . , B r ; C} contains an 
even-sized non-central block of tt(X'), then Even(X') > Even(y'), contrary to our 
assumption. Therefore, for some i G [r] the block Bi G tt(Y') is even-sized and is a 
union of an even number of odd-sized blocks of n(X'). 

Let w be the signed permutation that negates all elements of Bi. Then w G 
D2m+i since \Bi \ is even and w(Z) = Z for all vertices of P. Since w negates an even 
number of blocks of 7t(X') and fixes the others, w negates an even number of vectors 
(and fixes the others) in a canonical basis of X' . Hence a X '{w) = 1. Similarly, w 
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negates exactly 1 block of n(Y') while fixing the others, so ay{w) = — 1. Hence, 
w(P) = —P. By Lemma UTTl there is no arrow Ox—>Gy in Qr) 2m+1 . □ 

Lemma 6.3. If X'—*Y' is an arrow in Q and if Odd(X') ^ 1, then there is no 
arrow Ox'—*Oy in QD 2m+1 - 

Proof. Suppose X— >Y is an arrow in Q with X £ Ox> and Y £ Oy. Since tt(X') is 
in the orbit of ir(X), Odd(X) = Odd(X') ^ 1. Since Y < X, n(Y) is obtained from 
tt(X) = {£>i, . . . , B r ; C} by merging two blocks. Let (3 lt . . . , /3 r be the canonical 
basis for X (see H6.3[) . 

Case 1. 7r(y) is obtained from 7r(X) by merging and Bj, where z ^ j. 

If \BiUBj | is even, then let w be the signed permutation that negates the elements 
of Bi and Bj . Then w negates two elements of the canonical basis of X and fixes the 
other basis elements, so w(X) = X and ax{w) = 1. Since {/3 i +f3j}U{f3 h : h ^ i,j} 
is a basis of Y, and since w negates /3 i + /3 • and fixes the others, it follows that 
w(Y) = Y and a Y {w) = -1. Therefore, w(X-^F) = -(X-kT). 

If iSjUBjl is odd, then let u> be the signed permutation that negates the elements 
of Bi, Bj and the elements of Bh, where h ^ i, j and \Bh\ is odd (such a block exists 
since Odd(X) ^ 1). Then w negates three elements of the canonical basis of X and 
two elements of the basis {/3, + /? ■} U {(3 a : a ^ i,j} of Y. Therefore, ax( w ) = — 1 
and <j Y (w) = 1. It follows that w(X^Y) = -(X^Y). 

Case 2. iriY) is obtained from tt(X) by merging Bi and Bj, where i j. 

This is argued as is Case 1. 
Case 3. ir(Y) is obtained from ir(X) by merging the blocks Bi, Bi and C. 

If \Bi\ is even, then let w be the signed permutation that negates the elements 
of B{ . Then w negates one element of the canonical basis of X and no elements of 
the basis {f3 a : a ^ i} of F. Thus, w(X^Y~) = -(X->Y). 

If i?i is odd, then let w be the signed permutation that negates the elements 
of Bi and the elements of Bh, where h ^ i and \Bh\ is odd. Then w negates two 
elements of the canonical basis of X and one element of the basis {(3 a : a ^ i} of 
Y. It follows that w(X^Y) = -(X->Y). 

It follows from Lemma HTT1 that there is no arrow Ox'—>Oy in Q/j 2 m+i- ^ 

Proposition 6.4. T/ie length of the longest path in Q_D 2m+1 is at most m + 1. 

Proof. Suppose (Oo^Ci^ is a path in Qr> 2m+1 - Then for < i < Z, there 

is Xi £ Oi such that X z < • • • < X 1 < X . Note that X ^ V by Proposition IQ1 
For each j £ [Z], let dj = dim(X 7 -_x) — dim(X 7 ). If cZj > 2 for all i £ [Z], then 
i 

2Z < di = dim(X ) - dim(JQ) < dim(X ) < 2m, 

i=i 

so Z < m. Suppose instead that dj = 1 for some j £ [Z], and let i be the smallest such 
j. By the choice of i, Xi^i—^Xi is an arrow in Q with Xj-i £ £>j-i and X, £ 0;. 
Then Odd(Xj_i) = 1 by Lemma IO and Evcn(X 4 _i) < Even(X ) by Lemma [631 
Recall that for each X G £, if tt(X) = {Si, . . . , B r ; C}, then dim(X) = r (gOJ). 
In particular, dim(X) = Even(X) + Odd(X) and dim(X) < (2m + 1) - Even(X). 
Therefore, since Even(Xj_i) < Even(Xo), 

dim(Jfo) < (2m + 1) - Evcn(X ) < (2m + 1) - Evcn(X,_i). 
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By the choice of i, dj > 2 for all j G [i — 1], so 
2(i - 1) < dim(X n ) - dim(Xj_i) 

< ((2m + 1) - Even(X^i)) - (Evenki) + Odd(Xi_i)") 

< 2(m - Even(J^_i)). 

Since the length of (0j_x— > >Oi) is bounded by dim(Xj_i), 

l = (l-(i-l)) + (i-l) 

< dim(X ( _i) + (m - Evcn(X t _i)) 

< (Even(X_i) + Odd(X_i)) + (m - Even(X_i)) 

< m + 1. □ 

Theorem 6.5. For a/Z m > 2, £/ie Loewy length of £fc(Z?2m+i) *s m + 2. 

Proof. By Theorem 12.11 the Loewy length of £fc(D2m+i) is the Loewy length of 
(k!F) D2m+1 . By Lemma 13.11 and the previous Proposition, the Loewy length of 
(fcJ r ) I52 ™+ 1 is bounded by m+2. By Corollary 5.9(b) of |Bonnafe and Pfeiffer, 2006| , 
this is also a lower bound. □ 
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